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ABSTRACT
Context. In 2012, we applied a three-dimensional formulation to kinematic measurements of the Galactic thick disk and derived a
surprisingly low dark matter density at the solar position. This result was challenged by Bovy & Tremaine (2012, ApJ, 756, 89),
who claimed that the observational data are consistent with the expected local dark matter density if a one-dimensional approach is
adopted.
Aims. We aim at clarifying whether their work definitively explains our result by analyzing the assumption at the base of their formu-
lation and their claim that this returns a lower limit for the local dark matter density, which is accurate within 20%.
Methods. We find that the validity of their formulation depends on the underlying mass distribution. We therefore analyze the pre-
dictions that their hypothesis casts on the radial gradient of the azimuthal velocity ∂RV and compare it with observational data as a
testbed for the validity of their formulation.
Results. We find that their hypothesis requires too steep a profile of ∂RV(Z), which is inconsistent with the observational data both
in the Milky Way and in external galaxies. As a consequence, their results are biased and largely overestimate the mass density.
Dynamical simulations also show that, contrary to their claims, low values of ∂RV are compatible with a Milky Way-like potential
with radially constant circular velocity. We nevertheless confirm that, according to their criticism, our assumption ∂RV = 0 is only
an approximation. If this hypothesis is released, and the available information about ∂RV in the thick disk is used, the resulting local
dark matter density increases by a tiny amount, from 0 ± 1 to 2 ± 3 mM pc−3, with an upper limit of ∼3.5 mM pc−3. Hence, this
approximation has negligible influence on our results.
Conclusions. Our analysis shows that their criticism is not a viable explanation for the inferred lack of dark matter at the solar position
detected by us. More studies are required to understand these unexpected results.
Key words. Galaxy: kinematics and dynamics – Galaxy: structure – dark matter
1. Introduction
Dark matter (DM) plays a key role in many fields of modern
astrophysics, and it is recognized as a fundamental component
of the Universe. Despite this general agreement, its density at
the solar position (ρ,DM) is still poorly constrained. Even re-
cent measurements are compatible within 1σ with both a null
local density (e.g., Creze et al. 1998; Holmberg & Flynn 2000)
and with a value as high1 as 37 mM pc−3 (Garbari et al.
2012). The predictions of current models of spherical Galactic
DM halo span the range ρ,DM = 5–13 mM pc−3 (e.g., Olling &
Merrifield 2001; Weber & de Boer 2010), but the density could
be much lower in the case of a non-spherical or a more centrally
concentrated distribution (Olling 1995; Einasto 1965, 1968), or
higher by up to a factor of two in the presence of dark substruc-
tures, such as a dark matter disk or ring (Kalberla 2003; Read
et al. 2008; Purcell et al. 2009).
Recently, Moni Bidin et al. (2012b, hereafter M12b) have
proposed a new formulation to measure the dynamical mass
 On leave at the European Southern Observatory, Casilla 19001
Santiago, Chile.
1 The DM density will be given in the astronomical unit mM pc−3,
where 1 mM pc−3 = 10−3 M pc−3 = 0.038 GeV c−2 cm−3.
of the Galactic disk up to large heights from the plane, by us-
ing the full three-dimensional kinematics and spatial distribu-
tion of a test stellar population. The hypotheses at the basis of
their calculations are not innovative, and they were (often im-
plicitly) assumed in most of the previous estimates. Applying
this formulation to the kinematical measurements of Moni Bidin
et al. (2012a, herafter M12a), Moni Bidin et al. (2010, 2012b)
found a surprising lack of DM at the solar position (ρ,DM =
0 ± 1 mM pc−3), at variance with most of the one-dimensional
estimates even recently proposed (e.g., Zhang et al. 2013). A
strong eﬀort followed their work to understand the reliability of
these unexpected results.
Sanders (2012) argues, by means of numerical simulations,
that M12a underestimated the gradients of the velocity disper-
sions with Galactic height by up to a factor of three. His work
impels further investigation to derive more reliable kinemati-
cal data, but it has negligible eﬀects on the results of M12b.
In fact, they obtained identical results by adopting alternative
data sets, where the kinematical quantities were measured with
diﬀerent methods. Moreover, the mass derived with their three-
dimensional formulation is largely insensitive to an isotropic
change in the dispersions, because a steeper gradient of the ver-
tical component (σW ) induces an increase in the inferred mass
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that is compensated by the larger negative contribution of the
radial and azimuthal ones (σU and σV , respectively).
If the vertical trend of σW is expressed by a linear relation
σW = σW,0 + Z · ∂σW
∂Z
, (1)
and we isolate the terms containing ∂σW
∂Z = ∂ZσW in Eq. (14) of
M12b, their contribution to the surface density is
ΣW (Z) ≈ (πG)−1 · σW,0 · ∂ZσW ·
(
Z
hZ,ρ
− 1
)
, (2)
where we neglected quadratic terms in ∂ZσW , whose contribu-
tion is smaller by one order of magnitude. With the param-
eter definition of M12b and the kinematical values of M12a,
we obtain ΣW (4 kpc) ≈ 20 M pc−2. Thus, enhancing ∂ZσW
by a factor of three, the DM density increases by Δρ,DM ≈
ΔΣW
2Z = 5 mM pc
−2
. However, repeating the same ex-
ercise for the other two components, we find (ΣU + ΣV ) ≈
(−10−4) M pc−2 ≈ −0.7 · ΣW . As a consequence, the in-
crease of ρ,DM in response to an isotropic increase in the dis-
persion gradients is damped by 70%, when σU and σV are
taken into account. Even enhancing the vertical gradients by
a factor of three, the derived local mass density increases by
only 1.5 mM pc−3. A gradient of σW steeper than that of the
other components is required to obtain a significantly higher DM
density. Figure 6 of Sanders (2012) also shows that the large
underestimate claimed by the author is introduced by the oﬀset
measurements at Z ≤ 2.5 kpc, while in the range Z = 2.5–4 kpc,
the M12a method underestimates the dispersions by only ∼5%,
and their gradient by ∼15%, both compatible with their quoted
errors. This discontinuity at Z = 2.5 kpc is not observed in the
real data of M12a (see their Fig. 6), where the gradients change
by less than 0.5σ if the points at Z ≤ 2.5 kpc are excluded. This
suggests that Sanders’ simulations did not reproduce the mea-
surements at lower heights well and that they introduced a sys-
tematic oﬀset not present in the measurements of M12a, whose
gradient estimates should be accurate within 15%.
Bovy & Tremaine (2012, hereafter BT12) also argue
that M12b results are flawed. They claimed that the same
data of M12a are fully consistent with the standard value
ρ,DM = 10 mM pc−3, with a lower limit of ρ,DM ≥
5 mM pc−3, if a more classical one-dimensional approach is
adopted. In this paper, we analyze the hypotheses underlying
their formulation in more detail, to verify that their criticism ex-
plains the results of M12b and that this is the correct solution to
the puzzle. Following M12b and BT12, we use the cylindrical
Galactic coordinates (R, θ, Z), where R is the Galactocentric dis-
tance, θ is directed in the direction of Galactic rotation, and Z is
positive toward the north Galactic pole. The respective velocity
components are ( ˙R, ˙θ, ˙Z) = (U,V,W).
2. Bovy & Tremaine’s assumptions
Both M12b and BT12 estimate the mass surface density Σ(Z)
within ±Z kpc of the Galactic plane by means of the integrated
Poisson equation in cylindrical coordinates:
2πGΣ(Z) = −IR(Z) − Fz(Z), (3)
with
IR(Z) =
∫ Z
0
1
R
∂(RFR)
∂R
dz, (4)
where G is the gravitational constant, and FR and FZ are the ra-
dial and vertical components of the force per unit mass, respec-
tively. If FR in Eq. (4) is expressed by means of the radial Jeans
equation for a population in steady state,
FR =
1
ρ
∂
(
ρU2
)
∂R
+
1
ρ
∂
(
ρUW
)
∂Z
+
U2 − V2
R
, (5)
the radial gradient of the mean azimuthal velocity ∂V(Z)
∂R =
∂RV(Z) is introduced in the formulation, because
∂(RFR)
∂R
=
∂
∂R
⎡⎢⎢⎢⎢⎢⎢⎢⎣Rρ
∂
(
ρU2
)
∂R
+
R
ρ
∂
(
ρUW
)
∂Z
+ U2
⎤⎥⎥⎥⎥⎥⎥⎥⎦ − ∂V
2
∂R
, (6)
and V2 = V2 + σ2V . This quantity is poorly known observa-
tionally, and M12b assumed ∂RV(Z) = 0 at any Z. They re-
ferred to V as the “rotational” velocity and to V(R) as the “ro-
tation curve” henceforth. This terminology is not new in the
literature (e.g., Yoachim & Dalcanton 2005), but very unfortu-
nate, because the same terms are used more often for the cir-
cular velocity Vc. Nevertheless, their Eq. (11) unambiguously
stated their hypothesis. BT12 exposed this source of confusion,
and arguing against the M12b assumption, they removed the
source of the problematic term, setting IR(Z) = 0 at any Z.
This reduced the three-dimensional formulation of M12b to a
one-dimensional approach, similar to the previous works (e.g.,
Kuijken & Gilmore 1989; Holmberg & Flynn 2000), but for the
first time extended beyond 1.1 kpc from the Galactic plane. They
also claim that IR(Z) < 0 and IRFz (Z) < 0.2. The first inequality
implies that their assumption IR(Z) = 0 returns a lower limit
of ρ,DM, because IR enters with negative sign in the calculation
of the surface mass density. In addition, if IRFz (Z) < 0.2, the result-
ing estimate of Σ(Z) is accurate within 20% (see Eq. (3)). They
claim that they only substitute the M12b assumption with the
observationally-proven fact ∂Vc∂R (Z) = 0 (e.g., Sofue et al. 2009),
but all their calculations were actually based on the implicit as-
sumption that −FRR = V2c up to Z = 4 kpc. However, this equa-
tion is strictly valid only on the plane. Assuming hR = 3.8 kpc
and hσ = 3.5 kpc for the radial scale length of the thick disk
mass density and velocity dispersions, respectively, they derived
ρ,DM = 5.5 mM pc−3, with a slope of Σ(Z) compatible with
ρ,DM = 7 mM pc−3. They also argue that hR = 2 kpc should
be preferred, and they obtained ρ,DM = 8.5 ± 1.5 mM pc−3
in this case. In this section, we analyze in more detail the BT12
assumption IR(Z) = 0 that leads to these results.
2.1. The universality of the IR (Z) = 0 assumption
We first analyze the BT12 claim that IR(Z) < 0 and IRFz (Z) < 0.2.
The sign of IR(Z) and its weight in the calculation of Σ(Z) de-
pend critically on the mass density distribution. BT12 prove the
validity of their claims at R = 8 kpc for an exponential disk
model with scale length hR = 3.4 kpc and for a spherical NFW
(Navarro et al. 1997) dark halo. However, alternative mass distri-
butions lead to completely diﬀerent conclusions. For example, as
shown in Fig. 1, IR(Z) is positive up to Z = 4 kpc for the Galactic
disk model of Flynn et al. (1996) at R/hD > 2.4, where hD is the
radial scale length of the disk mass density. This condition is
most likely verified at the solar position, where R ≈ 8–8.5 kpc
and hD = 2–3 kpc (Juric´ et al. 2008; Bovy et al. 2012b). Figure 1
also shows the trend of IRFz (Z), which exceeds 0.2 if R/hD > 3,
i.e. if hD <∼ 2.7 kpc.
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Fig. 1. Trend of IR (solid line) and IRFZ (dashed line) at Z = 4 kpc, for the
Flynn et al. (1996) Galactic disk model, as a function of R/hD.
Fig. 2. Trend of IR(Z) with Z at R = 8 kpc, for a Miyamoto-Nagai disk
(gray curves) with b = 0.3 kpc and a = 2.5, 3.5, 4.5 kpc, and a NFW
halo model with ρ,DM = 8 mM pc−3 (black curve).
In Fig. 2 we show the trend of IR(Z) at R = 8 kpc for a family
of Miyamoto-Nagai (MN) disk models
Φ(R, Z) = −GM√
R2 +
(
a +
√
Z2 + b2
)2 (7)
(Miyamoto & Nagai 1975) with b = 0.3 kpc and total mass
M = 6 × 1011 M. The figure shows that IR(Z) is positive up
to Z = 3.5 kpc for the MN disk with a = 4 kpc used by Qu
et al. (2011) and Bovy et al. (2012b) to model the Galactic disk.
More in general, IR(Z) > 0 up to Z = 4 kpc for a MN disk with
a < 4 kpc. The parameter a must be increased to a/R0 > 0.63 if
we want IR(Z) < 0 at R = R0 in the whole range Z = 0–4 kpc.
The sign of IR(Z) and its incidence in Eq. (3) depend on the
relative weight of the individual mass components, due to the
additive property of the potential. A spherical extended feature
such as a DM halo gives a negative contribution, as shown for ex-
ample in Fig. 2 for a NFW dark halo with ρ,DM = 8 mM pc−3.
If the Galactic disk is approximated by the aforementioned
MN model with a = 4, the presence of such a dark halo is
required to have IR(Z) < 0 up to Z = 4 kpc.
It must be considered that, when IR(Z) is positive and ne-
glected, the total mass is overestimated, leading to a larger over-
estimate of ρ,DM, because the spurious excess of visible mass
is ascribed to a higher DM density. For example, if ρ,DM =
5 mM pc−3, a mass overestimate of 20% at Z = 2.5 kpc would
increase the derived ρ,DM to 8.5 mM pc−3, thus overestimating
the DM density by ∼70%.
In conclusion, our counterexamples show that IR(Z) is not
negative and negligible for any Galactic mass model. As a con-
sequence, the BT12 formulation is not generally valid. It is a
good approximation if the underlying mass distribution is close
to the Galactic models implicitly assumed, but if it diﬀers, the
resulting estimate is not necessarily a lower limit to ρ,DM, nor is
it accurate within 20%. Such implicit assumptions should obvi-
ously be avoided in a formulation aimed at measuring the local
mass density itself.
2.2. Tests of the validity of the IR (Z) = 0 assumption
Given the results of the previous section, we test the BT12
assumption here, to verify that their formulation is coinciden-
tally reliable in the specific case under study. The hypothesis
IR(Z) = 0 requires ∂(RFR)∂R = 0 at any Z. When FR is expressed by
means of Eq. (5), this translates to:
2V∂RV = k1σ2U +
σ2V
hσ
+
(
R
hσ
− 1
) ⎛⎜⎜⎜⎜⎝UWhZ −
∂UW
∂Z
⎞⎟⎟⎟⎟⎠ , (8)
with
k1 =
R
hRhσ
+
R
h2σ
− 1hR −
2
hσ
, (9)
where we assumed a mass density distribution described by a
double exponential law (ρ ∝ exp (−R/hR − |Z|/hZ)) and an ex-
ponential radial decay of the velocity dispersions with scale
length hσ. Both these assumptions were discussed, justified, and
adopted by BT12 and M12b.
Equation (8) must be satisfied if the BT12 hypothesis is
correct. BT12 claim a good match between the predictions
on ∂RV(Z) obtained from this equation and the observational
results of Casetti-Dinescu et al. (2011, hereafter CD11). Here
we study those predictions in more detail, re-analyze this com-
parison, and extend it to additional data sets. We assume hσ =
3.8 kpc (M12b; BT12) and a circular velocity at the solar po-
sition Vc = 215 ± 30 km s−1 (Salucci et al. 2010), which is
indistinguishable from 220 km s−1 of BT12 for our purposes,
but more compatible with the assumed solar Galactocentric dis-
tance R = 8 kpc (Kerr & Lynden-Bell 1986; Reid et al. 1999).
Following the results of Sanders (2012) discussed in Sect. 1, we
increase the velocity dispersions of M12a by 5%, and their ver-
tical gradient by 15%, although this correction has negligible
eﬀects on the results.
In Fig. 3, we show the expectations for ∂RV(Z) obtained
by inserting in Eq. (8) the kinematical results of M12a (their
Eqs. (3) to (5), with V = 190 − (30 · Z) km s−1) and CD11
(their Table 1, with V = 201 − (25 · Z) km s−1), with UW(Z)
from M12b (compatible with both data sets, see M12b). The hy-
pothesis IR(Z) = 0 requires high values of ∂RV(Z), and its steep
increase with Z. Assuming hR = 3.8 kpc and hZ = 0.9 kpc, it
grows from ≈10 km s−1 kpc−1 at Z = 1 kpc to ≈45 km s−1 kpc−1
at Z = 4 kpc. Assuming hR = 2 kpc, hσ = 3.5 kpc, and
hZ = 0.7 kpc, as preferred by BT12, ∂RV(Z) increases even
more, up to ≈80 km s−1 kpc−1 at Z = 4 kpc. In other words, the
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Fig. 3. Vertical trend of ∂RV expected by the hypothesis IR(Z) = 0,
assuming the M12b (full curves) and BT12 (dashed curves) parameter
set, and the kinematical results of (Casetti-Dinescu et al. 2011; black
curves) and M12a (gray curves). The measurements of Casetti-Dinescu
et al. (2011) are shown as empty dots, and their revision discussed in
Sect. 2.2.1 is indicated by full dots.
BT12 assumption requires that the thick disk rotation increases
rapidly with distance from the Galactic center and much more
rapidly at larger Galactic heights. For any parameter set, the ra-
dial gradient of V is six to eight times higher at Z = 4 kpc than on
the Galactic plane. Thus, while the thick disk rotation decreases
with distance from the plane by ∂V
∂Z ∼ −30 km s−1 kpc−1 at the
solar position (e.g., Majewski 1992; Chiba & Beers 2000; Girard
et al. 2006), this vertical shear would disappear within 3 kpc of
the Sun (R < 11 kpc), where the stars at Z = 4 kpc would be
corotating with those on the plane. This shear would be inverted
farther out, with stars outside the plane rotating faster. This pecu-
liar thick disk kinematics have never been observed in edge-on
external galaxies, where V(R) is rather flat outside the central re-
gions at any height (Kregel et al. 2004), and the oﬀ-plane thick
disk rotation is always slower than on the plane with no appre-
ciable change in the radial gradient (Yoachim & Dalcanton 2005,
2008).
2.2.1. Comparison with Casetti-Dinescu et al. (2011)
The measurements of CD11 for the Galactic thick disk are
shown in Fig. 3. They confirm that the assumption ∂RV(Z) = 0 is
only a rough approximation, because ∂RV is in general not zero.
However, the solution predicted by the hypothesis IR(Z) = 0,
coupled with the BT12 preferred parameters, is clearly ruled out
by the observations. Even when assuming the parameter set criti-
cized by BT12, the inferred ∂RV(Z) is systematically higher than
all the measurements, barely matching the two larger error bars.
Moreover, the measurements of CD11 are most likely only up-
per limits of ∂RV . In fact, the radial profile of V , similar to Vc, is
steeper in the inner Galaxy and flattens at larger R (see, e.g., the
theoretical radial profiles of Jałocha et al. 2010, or our Fig. 6),
and a linear fit in the range R = 6–9 kpc can easily overestimate
∂RV(R). More reliable estimates can be derived by consider-
ing only the stars within 1 kpc from the Sun (R = 7–9 kpc).
We thus obtain ∂RV(Z = 1.25 kpc) = 4.9 ± 1.4 km s−1 kpc−1
and ∂RV(Z = 1.75 kpc) = 7 ± 4 km s−1 kpc−1, while the new
fit at Z = 2.25 kpc is aﬀected by uncertainties that are too large
Fig. 4. Vertical trend of azimuthal velocity for our SDSS sample of thick
disk stars. The linear fit to the data is indicated by the solid line.
(close to 100%) for a reliable re-estimate. As shown in Fig. 3, the
expectations of the BT12 hypothesis are even more discrepant
when compared to these revised values. The comparison with
the black curves is particularly relevant, because both the empir-
ical points and the expectations are obtained from the same data
set.
BT12 performed a similar comparison with CD11 data and
claimed to prove the validity of their formulation. However, their
adopted input quantities diﬀer from the results of CD11 in many
cases. For example, they assumed σU = 60 km s−1 in the near-
est bin, but Table 1 of CD11 quotes 70.4 km s−1 (see also their
Fig. 12). Similar problems can be found for σV and V in the
same bin, all in the direction of decreasing the expected ∂RV(Z).
Moreover, they fix Z at the lower end of the CD11 bins, thus de-
creasing the expectations further by 2–3 km s−1 kpc−1 in all the
bins. They also never test their preferred set of parameters, which
hugely oﬀsets the expected ∂RV(Z) to higher values (Fig. 3).
2.2.2. Comparison with SDSS data
We collected from the Sloan Digital Sky Survey (SDSS, York
et al. 2000) DR7 database2 the photometric and spectroscopic
data of stars with r0 < 20.2, 0.48 < (g − r)0 < 0.55,
S/N > 15, log g > 4.2, 0.25 ≤ [α/Fe] ≤ 0.3, −0.9 ≤
[Fe/H] ≤ −0.5, and error on metallicity and α-elements abun-
dance lower than 0.25 dex. These criteria were adopted to select
old, intermediate-metallicity G-type dwarf stars, as discussed in
Carrell et al. (2012) and Bovy et al. (2012b). Their distance was
estimated photometrically as in Ivezic´ et al. (2008). The Galactic
coordinates, radial velocity, proper motion, and distance of each
star were then transformed into (R, θ, Z) cylindrical coordinates
and the respective (U,V,W) spatial velocities, and the errors on
the former quantities were propagated to derive the final uncer-
tainties. Only the 1096 stars with R = 7–9 kpc were considered
in the analysis.
The azimuthal velocity of the resulting sample decreases
with Z by −30 ± 2 km s−1 kpc−1, as shown in Fig. 4. This verti-
cal shear is identical to what is found by M12a (see M12a for a
comparison with previous studies). The rotational properties of
the two samples are therefore very similar, indicating that they
probe the same Galactic stellar population. The SDSS sample
can therefore be used to study ∂RV(Z) for the test population
studied by M12b and BT12.
2 http://www.sdss3.org/
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Fig. 5. Comparison of BT12 expectations for ∂RV(Z) with results from
SDSS data. The curves are as in Fig. 3.
We fitted a linear relation to V(R) in Z bins of width 0.5 kpc
in steps of ΔZ = 0.1 kpc. A 2σ clipping algorithm was adopted
to remove outliers, which are mainly residual halo contamina-
tors and bad measurements. The mean azimuthal velocity of
these stars is constant with R in both cases. As a consequence,
∂RV decreased at all heights if this clipping was not applied,
while the results were stable if the cut was stronger. The results
are plotted in Fig. 5, where they are compared to the expecta-
tions of the BT12 assumption. The quantity ∂RV(Z) increases
slowly from ∼5 km s−1 kpc−1 at Z = 1 kpc to ∼13 km s−1 kpc−1
at Z = 2.5–3 kpc. This trend matches the results of CD11 ex-
tremely well. The SDSS data thus confirm all the conclusions
drawn in Sect. 2.2.1 and, in particular, confirm that the BT12
hypothesis largely overestimates ∂RV(Z) at any heights.
2.2.3. Comparison with simulations
BT12 claim that the M12b hypothesis ∂RV(Z) = 0 is inconsis-
tent with a flat radial profile of Vc, while the steep increase in
∂RV with Z discussed in Sect. 2.2 is its natural consequence. We
tested this claim by means of orbit integration of a synthetic sam-
ple of stars. We adopted the Galactic potential model of Flynn
et al. (1996), where the disk is represented by the sum of three
MN disks and the dark halo by a spherical logarithmic potential.
The contribution of the Galactic bulge and stellar halo are also
included. The radial profile of Vc in this model Galaxy is flat out-
side the solar circle. The test particles were spatially distributed
as a double exponential disk with hZ = 0.9 kpc and hR = 3.5 kpc.
Their initial kinematics was fixed to match the trends of σU (Z),
σV(Z), σW (Z), and V(Z) observed by M12a with the condition
U = W = 0 and an exponential radial decay of the dispersions
with scale length hσ = 3.5 kpc. The system was then left to relax
in the potential, and it rapidly achieved its steady state within
the first Gyr of integration, although the experiment was stopped
only after 5 Gyr. We then divided the sample in non-overlapping
bins of 1000 stars with increasing Z, and we measured ∂RV in
each bin fitting the function
V(R) = A ·
[
1 − exp
(
−R
B
)]
+C · R, (10)
where A, B, and C are the fit parameters. This functional form
of the radial profile was chosen to account for the deviations
Fig. 6. Azimuthal velocity V as a function of distance from the center,
for the stars of our simulated sample in the bin Z = 1.0–1.09 kpc. The
solid line indicates the linear fit in the range R = 6–10 kpc.
Fig. 7. Same as Fig. 3, but the expectations of BT12 are compared with
the results of our symulations. The full dots indicate the results when
∂RV(Z) = 0 was assumed as initial condition, while the empty dots
show the results when ∂RV(Z) is initially fixed as the black solid curve
of this figure.
from linearity at lower R, as discussed in Sect. 2.2.1. An ex-
ample of these fits is shown in Fig. 6 for the 1000 stars with
Z = 2.0–2.1 kpc.
The results of our experiment are shown in Fig. 7. We first
imposed ∂RV(Z) = 0 at any Z as the initial condition, and ∂RV
slightly increased during the integration. The system relaxed
to tiny non-zero values with ∂RV(Z) ≤ 5 km s−1 kpc−1 up to
Z = 4 kpc. This result indicates that the M12b hypothesis is
wrong in this specific Galactic model, because a flat radial gradi-
ent of V is not an equilibrium solution. In the second run, we im-
posed as initial condition the lowest BT12 expectation, obtained
from Eq. (8) assuming the M12b parameters and the kinematical
data of CD11 (Figs. 3, 5, and 7). Very surprisingly, the system re-
laxed to a ∂RV(Z) profile identical to the first run, indicating that
this is the real equilibrium configuration regardless of the initial
conditions. This solution is much lower than the curves expected
by the IR(Z) = 0 hypothesis, whose steep profile is therefore
unstable in this Galactic potential model. This test demonstrates
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that low values of ∂RV(Z) are consistent with a Milky Way-like
galaxy, where ∂Vc
∂R = 0 at the solar position, and a thick disk-like
kinematics. The steep profile implied by the BT12 formulation is
therefore not a natural consequence of a radially constant circu-
lar velocity. It must be noted, however, that this counterexample
alone does not prove that ∂RV(Z) must be small for any Galactic
potential model and initial conditions.
2.2.4. The validity of the IR (Z) = 0 assumption
We have shown that the observations, both in the Milky Way
and in external galaxies, rule out the very peculiar thick disk
kinematics required by the hypothesis IR(Z) = 0, which is at the
basis of the BT12 formulation. Experiments of orbit integrations
indicate that it is not a requirement of a flat radial profile of Vc,
and it is even an unstable configuration in the Milky Way-like
potential adopted in the simulations.
The failure of the underlying assumption necessarily flaws
the results of BT12. It also invalidates the claim that their es-
timate is a lower limit to ρ,DM accurate within 20%. All evi-
dence points to IR(Z) > 0, because ∂RV(Z) is much lower than
the values required to have IR(Z) = 0. BT12 thus overestimate
the mass density, because they neglect a negative contribution in
Eq. (3) or, equivalently, because they implicitly assume values of
∂RV(Z) that are too high (see Figs. 3, 5, and 7), whose integral
gives a positive contribution to Σ(Z) (see Eq. (11)). This bias
is severe for their preferred solution (Figs. 3, 5, and 7), which
yields ρ,DM = 8.5 mM pc−3. However, this overestimate is
present even when assuming hZ = 0.9 kpc and hR = 3.8 kpc,
and the corresponding BT12 solution for Σ>1.5kpc(Z) (compatible
with ρ,DM ≈ 7 mM pc−3) must also be biased.
3. Moni Bidin et al. (2012) revisited
The results presented in Sect. 2.2 evidence that the M12b hy-
pothesis ∂RV(Z) = 0 is only a rough approximation, and a
more precise estimate of the mass density can be derived if it
is dropped. In this case, the M12b expression becomes
2πGΣ(Z) = −k1
R
·
∫ Z
0
σ2U dz −
1
R · hσ ·
∫ Z
0
σ2Vdz
+k3 · UW +
σ2W
hZ
− ∂σ
2
W
∂Z
+
2
R
∫ Z
0
V
(
∂RV
)
dz, (11)
where
k3 =
1
hR
− 2
R
+
2
hσ
· (12)
The quantity ∂RV(Z) cannot be estimated from M12a data, but
the CD11 results can be used. In fact, the two data sets probe
the same stellar population (the intermediate-metallicity thick
disk), as demonstrated by the fact that their kinematical results
are fully compatible. A small mismatch in the mean metallic-
ity would only have tiny eﬀects on the kinematics (Bovy et al.
2012a). In any case, our aim here is not a complete revision of
the M12b results, but to check to what extent these are biased by
the assumption ∂RV(Z) = 0.
The studies of the Galactic disk measure the kinemati-
cal quantities only beyond a minimum Galactic height Z0, be-
cause many observational limitations prevent us from tracking
their trend down to the Galactic plane. The estimate of Σ(Z)
thus requires the extrapolation of the kinematics for Z < Z0.
Fig. 8. Surface density of the mass at Z > 1 kpc, calculated by insert-
ing the kinematical results of M12a, with the thick disk parameters of
Juric´ et al. (2008, upper panel), and BT12 (lower panel), in Eq. (11).
The dashed lines with arrows indicate the upper limit derived from the
estimates of CD11 for ∂RV(Z), while the black lines and dots with error
bars show the solution obtained from our re-analysis of this quantity.
Curves of constant DM density (in mM pc−3) are overplotted in gray.
Calculating the surface density of the mass enclosed between Z0
and Z,
Σ>Z0 (Z) =
∫ Z
Z0
ρ(z)dz = Σ(Z) − Σ(Z0), (13)
is more appropriate in this case. M12b argue that their esti-
mate of Σ(Z) is not biased by the extension of the integra-
tion to lower Z, and they obtained identical results analyzing
both Σ(Z) and Σ>1.5 kpc(Z). Nevertheless, the general reliabil-
ity of this extrapolation is not proven, and it is even less safe
for Eq. (11), which includes the previously neglected quan-
tity ∂RV(Z). We therefore do not extend the calculation be-
yond the interval where we have information about it, and we
study Σ>1 kpc(Z) up to Z = 2.5 kpc. BT12 also gave more im-
portance to the increment of Σ(Z) above Z0 than to its abso-
lute value. Subtracting the expected visible mass from the re-
sult, as defined by M12b, we derive the mean DM density in
the range Z = 1–2.5 kpc, ρDM(1–2.5 kpc). It must be noted that
the DM density derived from Σ>Z0 (Z) is nearly insensitive to the
assumed visible mass model when Z0 ≥ 1 kpc, because most
of it lies below the volume under analysis. In fact, had diﬀer-
ent estimates from the literature been assumed (e.g., Holmberg
& Flynn 2000; Garbari et al. 2011), the ρDM(1–2.5 kpc) would
vary by less than 0.2 mM pc−3.
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Our results are shown in Fig. 8, overplotted to a set of curves
of constant DM density. We first estimated ∂RV(Z) by fitting
the three measurements of CD11 shown in Fig. 3. By inserting
the result in Eq. (11) along with the other kinematical quanti-
ties from M12a and the thick disk parameters preferred by BT12
(hR = 2.0 kpc, hσ = 3.5 kpc, and hZ = 0.7 kpc), the curve of
Σ>1kpc(Z) returns ρDM = 2 ± 3 mM pc−3. A higher DM density
(3.6±3.0 mM pc−3) can be recovered assuming the geometrical
parameters hR = 3.6 kpc and hZ = 0.9 kpc from the extensive
survey of Juric´ et al. (2008). Nevertheless, these results are only
upper limits because, as discussed in Sect. 2.2.1, CD11 proba-
bly overestimate ∂RV(Z). If the expression for ∂RV(Z) is derived
from the revised values of ∂RV presented in Sect. 2.2.1 (Fig. 3),
we obtain ρDM = 0±2 mM pc−3 when using the BT12 geomet-
rical parameters, and ρDM = 2 ± 3 mM pc−3 when adopting the
values from Juric´ et al. (2008).
Similar results are found when σU(Z), σV(Z), and σW (Z) are
taken from CD11, and we obtain ρDM = 4 ± 5 mM pc−3, with
an upper limit of ρDM < 5.5 ± 5.5 mM pc−3. These estimates
are consistent with those obtained above, but they are poorly in-
formative because of the large errors.
4. Discussion and conclusions
We have shown that the validity of the BT12 hypothesis IR(Z) =
0 depends on the underlying mass distribution. This means that
they implicitly constrain the mass distribution to measure the
mass density in a given volume. Even the validity of their claim
that their estimate is a lower limit to ρ,DM accurate within 20%
depends on these constraints.
The assumption IR(Z) = 0 predicts a very peculiar behav-
ior for the Galactic thick disk rotation, ruled out by the ob-
servations of both the Milky Way and external galaxies. The
results of BT12 are flawed by this hypothesis. More specifi-
cally, they overestimate the mass density, because their formu-
lation implicitly assumes values of ∂RV that are too large (see
Eq. (11)). The observations also indicate that the M12b assump-
tion ∂RV(Z) = 0 is only a rough approximation, but we find
that it does not bias the results noticeably. In fact, when this as-
sumption is dropped and ∂RV(Z) is taken from literature mea-
surements, the resulting mean DM density at the solar position
between Z = 1 and 2.5 kpc is ρDM = 2 ± 3 mM pc−3, with an
upper limit of ρDM < 3.6±3.0 mM pc−3. The thick disk param-
eters preferred by BT12 return much lower values. These results
agree well with those of M12b, demonstrating that the incidence
of ∂RV(Z) on the calculation is small. The resulting lack of DM
is therefore not a systematic eﬀect introduced by the aforemen-
tioned assumption. More investigation is needed to understand
the peculiar results found by M12b.
The uncertainties quoted here and in M12b result from rigor-
ous propagation of errors on the input quantities, and they repre-
sent the statistical uncertainties well. Possible systematic errors
are not considered in the error budget, but M12b analyzed most
of their hypotheses and found no relevant bias. Their uncertain-
ties are small when compared to the literature, but it must be
considered that their calculation is extended in a volume that is
four times larger than before. In fact, the extrapolation of the ex-
pected small DM contribution in the first kpc from the Galactic
plane (25% of the total mass) is necessarily more uncertain than
its estimate in a volume where it exceeds the quantity of visi-
ble mass. For example, a 10% uncertainty on the total mass and
on the visible component propagates to a ≈40% error on ρ,DM
at Z < 1 kpc, but this reduces to 20% and 10% at Z < 4 kpc,
respectively. The volume analyzed here is smaller than M12b,
and the resulting errors are larger by a factor of three. Our uncer-
tainties are also partially enhanced by ∂RV , an additional source
of error not constrained very well by the data. As a result, our
final errors are 30% larger than those quoted by Zhang et al.
(2013), although our volume is comparable to theirs.
The results presented here are at variance with the expecta-
tions of a classical spherical DM halo with ρ,DM > 5 mM pc−3,
whose density decreases by only ∼5% between Z = 0 and 2 kpc.
A deeper comprehension of the power and limitations of the
M12b three-dimensional approach is required to fully under-
stand this discrepancy. We nevertheless note that, while a low
density on the plane is compatible only with a highly prolate
halo (see M12b), a low mean density in the range Z = 1–2.5 kpc
is compatible even with a very flat (oblate) distribution, if the
bulk of the dark mass is found at Z < 1 kpc. It is also important
to point out that the results obtained here are not directly com-
parable to previous estimates, because all similar measurements
in the literature are limited to Z < 1.2 kpc.
All the literature measurements of the mass density at the
solar position have adopted a one-dimensional approach, where
the Galactic potential was modeled to match the observational
data (but see Korchagin et al. 2003, for an exception). Both
BT12 and M12b make use of a direct equation, which relates the
mass density to the kinematical quantities. BT12 used the same
kinematical data as M12b, and share most of the assumptions
with them but, after reducing the three-dimensional formulation
of M12b to a one-dimensional approximation, found results in
agreement with both classical works (e.g. Kuijken & Gilmore
1989; Holmberg & Flynn 2000) and more recent studies (e.g.
Siebert et al. 2003; Zhang et al. 2013). Thus, they eventually
prove that the discrepancy between the M12b results and the lit-
erature is most likely due neither to their use of a direct equation
nor to a bias in the kinematical measurements. Their unexpected
results most likely stem from their innovative three-dimensional
approach, and more investigation is needed to understand them.
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